We treat the problem of completing the moduli space for roots of line bundles on curves. Special attention is devoted to higher spin curves within the universal Picard scheme. Two new different constructions, both using line bundles on nodal curves as boundary points, are carried out and compared with pre-existing ones.
Introduction
The problem of compactifying the moduli space for roots of line bundles on curves is the object of this paper. More precisely, consider a family of nodal curves f : C → B, with nonsingular fibers over an open subset U of B; let N be a line bundle on C, viewed as a family of line bundles on the fibers of f . Assume that the relative degree of N is divisible The first part of our paper presents a solution of the general problem in the same spirit as [8] ; we complete the r-th root functor (and its moduli scheme) for any family and any line bundle N as above, by means of line bundles on nodal curves. For clarity (and to distinguish it from other approaches) we name the resulting space the moduli space for limit roots. Some of the results in this part can already be found, in one form or another, in the existing literature; however, it seemed worthwhile to present a coherent account of the subject based on the ideas of [8] . In order to limit the length of the paper, we work in the context of schemes and coarse moduli spaces, although it is quite clear that our methods lend themselves to the construction of stacks which are fine moduli spaces for the problem at hand. We plan to return to the question in a future paper.
As in the case r = 2 (see [6] ), the combinatorial aspects of our construction play a significant role, and enable us to offer a fairly explicit description of our compactification.
We prove in Theorem 4.2.3 that, in the special case of higher spin curves, our moduli space is isomorphic to the coarse space underlying Jarvis's Root.
The last section is devoted to our second approach, whose goal is to obtain a completion within the compactified Picard scheme, where, obviously, r-th roots on smooth curves naturally live. Because of the relative newness of this method, we only apply it to higher spin curves over M g . A modular compactification of the universal Picard scheme was constructed in [5] by Caporaso, by means of line bundles on semistable curves. This space was later given a description in terms of rank 1 torsion-free sheaves by R. Pandharipande [20] , as a special case of a more general result, valid for all ranks.
The question on whether the existing compactifications of higher spin curves embed in the universal Picard scheme seemed, at least to us, irresistible. All the more so because of the strong similarities between the boundary points used by the various authors: (analogous) line bundles in [8] and [5] on the one hand, and rank 1 torsion-free sheaves in [14] and [20] on the other.
Therefore we construct and study a new modular compactification of higher spin curves, S r, l g , sitting inside the universal Picard scheme, and whose main new feature is that it is not finite over M g , as soon as r ≥ 3.
We then prove that, for r ≥ 3, the previously constructed moduli spaces of limit roots, which we denote by S r, l g , as well as those constructed in [14] , [16] , [1] and [7] , do not embed in the universal Picard scheme. More precisely, neither is the natural birational map χ : S r, l g S r, l g regular, nor is its inverse (Theorem 5.4.2 and its corollary). The case r = 2, treated by C. Fontanari in [12] , is an exception, as χ is regular and bijective.
For higher rank, in the same spirit as ours, a compactification of the moduli space of vector bundles over curves using, instead of torsion-free sheaves, vector bundles over semistable curves, has recently been constructed by A. Schmitt [22] , continuing upon the work of C. S. Seshadri and others (see [23] and references therein).
Notation
Throughout the paper we work over the field of complex numbers. We shall use the words "line bundle" as a synonym of "invertible sheaf".
For any scheme Z, we denote by ν = ν Z : Z ν → Z the normalization morphism. C will always be a connected, nodal, projective curve of (arithmetic) genus g. We denote by g ν the genus of its normalization.
To C we associate a dual graph Γ C , as follows. The set of vertices of Γ C is the set of components of C ν . The set of half-edges is the set of all points of C ν mapping to a node of C. Two half-edges form an edge of Γ C when the two corresponding points map to the same node of C. Recall that g = g ν + b 1 (Γ C ), where b 1 (Γ C ) is the first Betti number. Let ∆ be a set of nodes of C, i.e., of edges of Γ C . We denote by ∆ the subgraph of Γ C consisting of ∆ plus the abutting vertices.
We say that a nodal curve X is obtained from C by blowing-up ∆ if there exists π : X → C such that π −1 (n i ) = E i ≃ P 1 for any n i ∈ ∆, and π : X ∪ i E i → C ∆ is an isomorphism. We call π : X → C a blow-up of C and E i an exceptional component. Set X = X ∪ i E i . Then π : = π | e X : X → C is the normalization of C at ∆. For any n i ∈ ∆, set {p i , q i } = E i ∩ X = π −1 (n i ); the points p i and q i are called exceptional nodes.
For families of curves, we use the same letters but different styles to denote the total space and a special fiber, and a star superscript to indicate restriction to the complement of the special fiber. For instance, C → B will denote a family of curves with special fiber C, while C * will stand for C C.
Let C → B be a family of nodal curves. We denote by C b the fiber over b ∈ B. We say that a family of nodal curves X → B, endowed with a B-morphism π : X → C, is a family of blow-ups of C, if for any b ∈ B the restriction π |X b : X b → C b is a blow-up of C b . If N ∈ Pic C, we set N b := N |C b and, as above, N * = N |C * .
We denote by S a smooth, connected 1-dimensional scheme, not necessarily complete, with a fixed point s 0 ∈ S, and we set S * = S {s 0 }.
We shall attach to X a second graph Σ X , whose vertices are the connected components of X and whose edges are the exceptional components of X. Notice that Σ X is obtained from Γ C by contracting all edges corresponding to nodes which are not blown up in X.
For any graph Γ and commutative group G, we denote by C 0 (Γ, G) and C 1 (Γ, G) the groups of formal linear combinations respectively of vertices and edges of Γ with coefficients in G. When we fix an orientation for Γ, the boundary and coboundary operators ∂ :
For any positive integer r, µ r is group of r-th roots of unity.
Limit roots of line bundles
Let C be a nodal curve, r a positive integer, and N a line bundle on C whose degree is divisible by r.
The main definition
Definition 2.1.1. Consider a triple (X, L, α), where X is a blow-up of C, L is a line bundle on X, and α is a homomorphism α : L ⊗r → π * (N ) (π : X → C the natural map). We say that (X, L, α) is a limit r-th root of (C, N ) if the following properties are satisfied:
(i) the restriction of L to every exceptional component of X has degree 1;
(ii) the map α is an isomorphism at all points of X not belonging to an exceptional component;
(iii) for every exceptional component E i of X, the orders of vanishing of α at p i and q i add up to r.
The following is an analogue, for roots of line bundles, of the stable reduction theorem: Proposition 2.1.2. Let C → S be a family of nodal curves, smooth over S * . Consider line bundles N ∈ Pic C and L ∈ Pic C * with an isomorphism α : L ⊗r ∼ → N |C * . Then there exist:
where S ′ is a smooth curve; S ′ → S is a finite morphism of degree r,étale over
, where D is an effective Cartier divisor supported on the exceptional components of the central fiber, such that
is a limit r-th root of (C, N |C ).
Moreover, for any
(X 1 → C ′ , L ′ 1 , α ′ 1 , D 1 ) and (X 2 → C ′ , L ′ 2 , α ′ 2 , D 2 ) satisfying the above conditions, there exists an isomorphism σ : X 1 ∼ → X 2 over C ′ such that σ * (D 2 ) = D 1 , σ * (L ′ 2 ) ≃ L ′ 1 ,
and this last isomorphism is compatible with
The proof is in [14] , section §4.2.2. For more details on the work of Jarvis on the subject, see section 4.2.
The notion of limit root generalizes to families in a natural way. Let C → T be a family of nodal curves and N ∈ Pic C. A limit r-th root (X , L, α) of (C, N ) is the datum of a family π : X → C of blow-ups of C, a line bundle L ∈ Pic X and a homomorphism α : L ⊗r → π * (N ), such that for all t ∈ T , (X t , L t , α t ) is a limit r-th root of (C t , N t ).
We can restate Proposition 2.1.2 by saying that if C → S is a family of nodal curves, N ∈ Pic C and (C * , L, α) is an r-th root of N |C * , then for some finite covering S ′ → S of degree r there exists a limit r-th root (X , L ′ , α ′ ) of the pullback of N to the base-changed family C ′ → S ′ which extends over all of S ′ the pull-back of (C * → S * , L, α).
Weighted graphs
To a limit r-th root (X, L, α) we shall attach a weighted subgraph of the dual graph Γ C of C. The underlying graph is the subgraph ∆ corresponding to the set ∆ of nodes which are blown up in π : X → C. The weight function w is defined on the exceptional nodes (or, equivalently, on the half-edges of ∆), takes values in {1, . . . , r − 1}, and is given by w(p i ) = u i , w(q i ) = v i , where u i , v i are the orders of vanishing of α at the points p i , q i respectively. We denote this weighted graph by ∆ w . Clearly, the following conditions are satisfied:
(C2) for every irreducible component C j of C, the sum of all weights assigned to the vertex corresponding C j is congruent to deg C j N modulo r.
Conversely, for any assignment of a weighted subgraph ∆ w of Γ C satisfying conditions (C1) and (C2), there is a limit r-th root of N whose graph is ∆ w . In fact, let π : X → C be the partial normalization of C at ∆. By (C2), the line bundle
on X admits an r-th root L ∈ Pic X. Let X be the blow-up of C at ∆. We obtain a limit root (X, L, α) of N by gluing to L (however we wish) the degree one line bundle on each exceptional component; the map
on X, and to be zero on all exceptional components.
Remark 2.2.1. The multidegree d = deg N of N is the set of the degrees deg C j N for all irreducible components C j of C. Its class modulo r can be viewed as an
Of course, condition (C2) above only depends on [ d ] r . Now fix an orientation for Γ C ; then there is a natural bijection between C 1 (Γ C , Z/r) and the set of weighted subgraphs of Γ C satisfying (C1): to a weighted subgraph ∆ w we associate the 1-chain i u i [n i ], with the convention that the edge n i is oriented entering the vertex corresponding to u i .
In this set-up, the boundary operator ∂ : C 1 (Γ C , Z/r) → C 0 (Γ C , Z/r) can be viewed as a map from weighted subgraphs of Γ C satisfying (C1) to multidegrees reduced modulo r. Then ∆ w satisfies (C2) with respect to
, we see that:
• for every N as above, there exist r b 1 (Γ C ) weighted subgraphs of Γ C satisfying (C1) and (C2) with respect to N .
Automorphisms of limit roots
Definition 2.3.1. An isomorphism of limit r-th roots (X → T, L, α) and (X ′ → T, L ′ , α ′ ) of (C, N ) is the datum of:
This notion of isomorphism agrees with the one of [9] , rather than with the one of [8] . At the level of automorphisms, for instance, the difference is that here fiber multiplication in L by a non-trivial root of unity is viewed as a non-trivial automorphism of the limit root. To make contact with the terminology of [8] and [9] , an isomorphism between X and X ′ over C will sometimes be referred to as an inessential isomorphism. Likewise, automorphisms of X over C will sometimes be called inessential automorphisms of X . As customary, the group of these automorphism will be denoted Aut C (X ). Given a limit root (X → T, L, α), we denote by Aut(X → T, L, α) the group of its automorphisms. Clearly, Aut(X → T, L, α) maps to Aut C (X ); the kernel is naturally isomorphic to a product of copies of µ r , one for each connected component of T .
We now state and prove some of the basic properties of automorphisms of limit roots. Let X be a blow-up of C, and let E 1 , . . . , E m be its exceptional components. View each E i as a copy of the Riemann sphere, with the origin placed at q i and the point at infinity placed at p i . Then any inessential automorphism of X acts on each E i as multiplication by a nonzero constant l i , and any assignment of the l i corresponds to an inessential automorphism. This proves the first part of the following result. Lemma 2.3.2. Let (X, L, α) be a limit root of (C, N ), and fix an orientation on the graph Σ X . Then:
(ii) There is a natural identification Aut(X, L, α) ≃ C 0 (Σ X , µ r ), and the homomorphism Aut(X, L, α) → Aut C (X) corresponds to the composition of the coboundary map δ :
Proof. We have already proved (i). To prove (ii), it is convenient to work with the geometric bundles V(L) and V(L ⊗r ) rather than with L and L ⊗r . In terms of these, an automorphism of (X, L, α) is a pair (σ, τ ), where σ is an inessential automorphism of X and τ is an automorphism of V(L) which is compatible with σ, is linear on the fibers of V(L) → X, and is such that α • τ ⊗r = α. This last condition means that, above each connected component X j of X, τ ⊗r is the identity, and hence τ must be the fiberwise multiplication by an r-th root of unity l j . If E i is an exceptional component connecting X j and X k , the restrictions of τ and σ to V(L) |E i → E i can thus be viewed as an automorphism pair of V(O(1)) → P 1 which is the multiplication by l j on the fiber above the origin and the multiplication by l k on the fiber above the point at infinity. These pairs are easy to describe. View P 1 as the projective space PV constructed on a twodimensional vector space V , and its origin and point at infinity as (1)) is the set of all pairs (ℓ, ϕ), where ℓ is a one-dimensional subspace of V and ϕ an element of its dual. An automorphism pair as above then acts on
k v 0 , and on PV via ℓ → f (ℓ). Thus σ acts on E i as multiplication by l j /l k . This means that giving an automorphism of (X, L, α) is the same as giving an r-th root of unity for each connected component of X, that is, an element of C 0 (Σ X , µ r ), and that the map Aut(X, L, α) → Aut C (X) is as claimed.
It follows from 2.3.2 that Aut(X, L, α) has cardinality r γ , where γ is the number of connected components of X.
Fix (C, N ) and π : X → C as usual. We need to further investigate the action of Aut C (X) on certain line bundles on X. Consider pairs (M, β), where M is a line bundle on X, β : M → π * (N ) is a homomorphism which is an isomorphism on the complement of the exceptional components of X, and M is assumed to have degree r on each exceptional component. This degree condition forces β to vanish identically on each exceptional component An example of this situation is provided by α : L ⊗r → π * (N ), where (X, L, α) is a limit r-th root. 
Proof. The proof is similar to the one of 2.3.2. The "only if" part of (i) is clear.
To prove the converse, denote by u i (resp., v i ) the order of vanishing of β and β ′ at p i (resp., q i ). The homomorphisms β and
• ϑ ′ . Clearly, ϑ must restrict to ϑ ′ on X. It remains to construct σ and ϑ on the exceptional components. If E i is one of these, we identify the restrictions to i , hence we can choose b 0 and b 1 so that it matches the one of ϑ ′ ; the choices are unique up to multiplication by r-th roots of unity. This proves the existence of σ and ϑ. It also proves (ii). In fact, σ acts on E i as multiplication by b 1 /b 0 . In the setup of (ii), both b 0 and b 1 are (arbitrary) roots of unity. The conclusion is that σ acts on each exceptional component as multiplication by an r-th root of unity, and conversely that any element of C 1 (Σ X , µ r ) comes from an automorphism σ as in (ii).
The general moduli problem
Let B be a scheme, f : C → B a family of nodal curves, N ∈ Pic C a line bundle of relative degree divisible by r. We shall use the following notation: for any B-scheme T with structure map p : T → B we set
where p : C T → C is the projection. The pull-back of N to C T is denoted by
Having fixed B, f : C → B and N as above, we introduce a contravariant functor S r f (N ) : {B-schemes} −→ {sets}, encoding the moduli problem for limit r-th roots of N , as follows. For every Bscheme T , the set S r f (N )(T ) is the set of all limit r-th roots of N T (which is, with the above notation, a line bundle on the total space of the family C T → T ), modulo isomorphisms of limit roots.
For every morphism of B-schemes ρ : T → T ′ , the corresponding map
where ρ : X → X ′ is the projection. Finally, the morphism α ′ is the natural pull-back of α.
We shall prove 
Proof of the existence theorem
We shall now construct S r f (N ), and prove Theorem 2.4.1. First of all, working in the analytic category, we construct the universal deformation of a limit root. Then we glue together the bases of the universal deformations, in order to give a complex algebraic structure to S r f (N ). We will make use of the following simple results. The first one is well-known, while the second is Lemma 1.1 of [8] .
Remark 3.0.6. Let Y → T be a family of nodal curves, t 0 a point of T , and Y the fiber over t 0 . Consider two line bundles P ∈ Pic Y and L ∈ Pic Y such that there exists an isomorphism ι 0 : L ⊗r → P |Y . Then, up to shrinking T , there exist a line bundle L ∈ Pic Y extending L and an isomorphism ι : L ⊗r → P extending ι 0 . Moreover, this extension is unique up to isomorphism, meaning that if (L ′ , ι ′ ) is another extension, then there is an isomorphism χ : L → L ′ on a neighbourhood of Y which restricts to the identity on L and is such that ι = ι ′ • χ ⊗r .
Remark 3.0.7. Let Y → T be a family of nodal curves, and let E be a smooth rational component of one of its fibers. If L is a line bundle on Y whose restriction to E has zero degree, then L is trivial on a neighbourhood of E in Y.
Local structure near exceptional curves
Let C → T be a family of nodal curves, N ∈ Pic C and (X → T, L, α) a limit r-th root of (C, N ). Fix an exceptional component E ⊂ X lying over a point t 0 ∈ T , let u, v be the corresponding weights, and denote by n the point of C to which E contracts. As usual, π : X → C is the natural map; recall that π * N is trivial on a neighbourhood of E. We shall describe the geometry of X → T near E.
The prototype is the following family: for the base, consider the affine plane curve C u,v ⊂ A 2 w,z 3 given by the equation w u = z v . The total space is the surface
x,y,w,z × P We now show that the morphism f u,v : S u,v → C u,v is a model for X → T near E. To set up, recall that a neighbourhood V of n in C is of the form {xy = ℓ}, where ℓ is a regular function on a neighbourhood T 0 of t 0 . In other terms, there is a fiber product diagram
The notation A where V ′ is a neighbourhood of the origin in A 2 x,y and e is given by s = xy. The curve C u,v maps to A 1 s via (w, z) → wz, and S u,v to A 2 x,y via projection. We will show that ℓ lifts to a morphism h : T 0 → C u,v . More precisely, we shall prove the following result.
where U is a neighbourhood of E in X and U ′ is a neighbourhood of the exceptional curve in S u,v . Moreover, the lifting can be chosen so that the following holds. Let ζ N be any generator of π * N over U , and denote by U 0 (resp., U 1 ) the complement in U of the inverse image of the locus s 1 = 0 (resp., s 0 = 0). Then there are generators ζ 0 and ζ 1 of L ⊗r over U 0 and U 1 such that
Proof. A weaker lifting property than the one claimed obviously holds. Consider the threefold
The projection to A 2 w,z yields a family of open curves φ : Z −→ A 2 w,z , whose restriction to C u,v is clearly just S u,v → C u,v . Then, after suitable shrinkings, diagram (1) lifts (non uniquely) to
where W ⊂ Z is a neighbourhood of the exceptional curve in the central fiber of φ. In concrete terms, this means that U has equations:
where η 0 η 1 = 1 on U 0 ∩ U 1 , x and y vanish on E, η 0 and η 1 vanish on X ∩ U , k 0 and k 1 are regular functions on T 0 which vanish at t 0 . Clearly, η 0 is the pull-back of the quotient s 0 /s 1 , and η 1 is its inverse. What must be shown is that k can be chosen in such a way that k u 0 = k v 1 . This is where the presence of a limit root comes into play.
Consider the line bundle M on U whose transition function, relative to the 
, where c 0 and c 1 are regular functions on U 0 and U 1 respectively. Consider the expressions of c 0 and c 1 as power series:
where the a i and the b i are regular functions on T 0 . Since π * (N ) has degree zero on E while L ⊗r has degree r, α is identically zero on E, which gives a i (t 0 ) = b i (t 0 ) = 0 for all i ≤ 0. On the other hand, by definition, the order of vanishing of (c 0 ) |X∩U 0 at p is u and that of (c 1 ) |X∩U 1 at q is v, so a u (t 0 ) = 0 and b v (t 0 ) = 0. Up to shrinking T 0 , we may thus assume that a u and b v are units.
1 . Substituting, we get:
Comparing terms of degree
. This is not exactly what we are asking for, but we may proceed as follows. Let δ be an r-th root of b v /a u (a unit), and define a morphism h :
where t stands for a variable point in T 0 . It remains to find the local generators ζ 0 and ζ 1 . What we have done so far amounts to showing that, replacing η 0 with δ −1 η 0 and η 1 with δη 1 , we may assume that U is defined by equations xη 0 = h 0 on U 0 and yη 1 = h 1 on U 1 , where
, we may also assume that the coefficients a u and b v in the power series developments (2) are equal, while conserving the property that ζ ′ 0 = η r 1 ζ ′ 1 . Now, comparing terms of all degrees in identity (3), we conclude that
Since ρ is a unit on a neighbourhood of E, possibly after shrinking U it makes sense to set ζ i = ζ ′ i /ρ, i = 0, 1, and these local generators of L ⊗r have all the required properties.
and the family of curves f u,v : S u,v → A 1 τ induced by the projection. Notice that
If the base T is normal, then X has the following stronger property:
(P) There exist neighbourhoods T 0 of t 0 in T and U of E in X , and a regular map h : T 0 → A 1 τ , such that h(t 0 ) = 0 and U is isomorphic to a neighbourhood of the exceptional curve in the base change of the surface S u/d, v/d via h.
The model family of curves
Let C be a nodal curve and let ∆ w be a weighted subgraph of Γ C satisfying condition (C1) of 2.2. Let X be the curve obtained from C by blowing up the nodes in ∆. Let C → D be a semi-universal deformation of the curve C, where D is the unit polydisc in C M with coordinates t 1 , . . . , t M . Observe that this deformation is universal if and only if C is stable. If this is the case, M equals 3g − 3; otherwise it is strictly larger than 3g − 3.
We shall construct a finite cover D ∆ w → D and a family of blow-ups π :
The family X ∆ w → D ∆ w will depend on C and on the weighted graph ∆ w ; it will be used to construct the universal deformation of any limit r-th root (X, L, α) with weighted graph ∆ w .
Denote by E 1 , . . . , E m the exceptional components of X and by n 1 , . . . , n m the corresponding nodes in C. For any i = 1, . . . , m let u i , v i be the weights associated to n i and let {t i = 0} be the locus in D where the node n i persists. We write D = D × D ′ , where D is the unit polydisc with coordinates t 1 , . . . , t m and D ′ corresponds to the remaining t i 's. Consider
and set
A neighbourhood V i of n i in C ∆ w can be thought of as
x,y,w 1 ,z 1 ,...,wm,zm,t m+1 ,...,t M . Now let π : X ∆ w → C ∆ w be the blow-up locally described as follows:
is the blow-up of the ideal (x, w i ), or equivalently of (y, z i ). Now X ∆ w → D ∆ w is a family of blow-ups of C ∆ w → D ∆ w and has X as central fiber.
Cover each U i by the two affine open subsets U i0 = {s 1 = 0} and U i1 = {s 0 = 0}. Set η 0 := s 0 /s 1 and η 1 := s 1 /s 0 . Then the total space X ∆ w has equations (4) w
. Let E be the Cartier divisor given by
Note that: • E is effective; its support in each U i is the inverse image via π of the locus of the i-th
• O X ∆ w (−E) |E i has degree r for any i = 1, . . . , m.
The following result is a global version of 3.1.1.
Lemma 3.2.1. Let C → T be a family of nodal curves, N ∈ Pic C and (X → T, L, α) a limit r-th root of (C, N ). Let t 0 ∈ T , and let ∆ w be the weighted graph of the fiber over t 0 . Possibly after shrinking T , there exist a fiber product diagram
where h(t 0 ) = (0, . . . , 0), and an isomorphism ϑ :
Proof. Call C and X the fibers of C → T and X → T over t 0 . Since C → T is a deformation of C, up to shrinking T there is a morphism ℓ :
We define ϑ to agree with α away from the exceptional components, as k * (O(−E)) is canonically isomorphic to O X in this region. What must be seen is that ϑ can be extended to all of X . Let E i be an exceptional component of X, and let ζ N be a generator of π * (N ) on a neighbourhood of E i . Near E i , the space X is obtained from (4) by base change via h. Let U 0 and U 1 be the inverse images of U i0 and U i1 . As in 3.1.1, we write x and y also to indicate the pull-backs of these functions to X . We know from 3.1.1 that there are generators ζ 0 and ζ 1 for L ⊗r , over U 0 and U 1 respectively, with the property that
. Now we can extend ϑ across E i by sending ζ 0 to ζ ′ 0 and ζ 1 to ζ ′ 1 ; since ζ ′ 0 = η r 1 ζ ′ 1 , the first of the identities (6) says that this is not ambiguous. On the other hand, since ζ ′ 0 maps to x u ζ N in π * (N ), and ζ ′ 1 to y v ζ N , the remaining identities say that the composition of ϑ with
is normal if and only if, for every i, either u i = 1, or v i = 1. This is always true if r = 2 or r = 3.
Construction of universal deformations
We are now in a position to construct the universal deformation of a limit root. We place ourselves in the set-up of 2.4. Let B be a scheme, f : C → B a family of nodal curves and N ∈ Pic C a line bundle of relative degree divisible by r.
Let ξ := (X, L, α) be a limit r-th root of (C, N b 0 ) and let ∆ w be the associated weighted subgraph of Γ C . Let X ∆ w → D ∆ w be the deformation of X constructed above. Set
let u 0 ∈ U ξ be the point that maps to b 0 ∈ B 0 and define C ξ , X ξ in the natural way. We denote by N ξ the pull-back of N under C ξ → C B 0 ; observe that in general N ξ is not the pull-back of a line bundle on C ∆ w .
Our goal is to prove that L extends to a line bundle on X ξ , giving a family of limit r-th roots of N ξ . A key step is the next lemma, concerning automorphisms of the above diagram. As usual, when W → Z is a morphism of schemes, we write Aut Z (W ) to denote the group of automorphisms of W over Z. We shall make use of Lemma 2.3.2, by fixing an orientation on the graph Σ X and hence an isomorphism Aut C (X) ≃ C 1 (Σ X , C * ).
a) a natural action on X ∆ w , which leaves the divisor E invariant; We show that G acts on X ∆ w and that the action on the central fiber is by inessential automorphisms, giving G ≃ C 1 (Σ X , µ r ) ⊂ Aut C (X) (cf. Lemma 2.3.2). Fix (ζ 1 , . . . , ζ m ) ∈ (µ r ) m . In each U i the space X ∆ w has equations (4) and the action is given by
hence the induced automorphism of X is inessential and corresponds to (ζ 1 , . . . , ζ m ) ∈ C 1 (Σ X , µ r ). It is clear that E is invariant under this action. Now, using the universal property of fiber products, it is immediate to see that the action of G lifts to U ξ , C ξ , and X ξ with the desired properties.
In what follows, if σ ∈ G, we shall denote by σ U ξ , σ C ξ , and σ X ξ the corresponding automorphisms of U ξ , C ξ , and X ξ .
We now address the problem of extending L. Recall that there exists an effective Cartier divisor E on X ∆ w such that
and O X ∆ w (−E) |E i has degree r for any i = 1, . . . , m. Denote by G ξ the pull-back of O X ∆ w (−E) to X ξ . Then part (i) of Lemma 2.3.3 implies that there are an inessential automorphism σ of X and an isomorphism ϑ :
is a limit r-th root of N ξ . Moreover, there is an isomorphism ψ of limit roots between ξ and the fiber of the family
Proposition 3.3.2. Let p : T → B be a morphism of schemes, and (X → T, L, β) a limit r-th root of N T . Let t 0 ∈ T be such that p(t 0 ) = b 0 , and assume that there is an isomorphism φ of limit roots between ξ = (X, L, α) and the fiber of (X → T, L, β) over t 0 . Then, possibly after shrinking T , the deformation
via a unique morphism of B-schemes γ : T → U ξ such that γ(t 0 ) = u 0 ; moreover, the isomorphism is unique.
Proof of existence. We know by Lemma 3.2.1 that, up to shrinking T , there exists
, and set γ = p × h. Then γ : T → U ξ has the property that γ(t 0 ) = u 0 and that there is a commutative diagram with fiber product squares
Let L ′ and β ′ be the line bundle and the homomorphism obtained by pulling back L ξ and α ξ via δ. Notice that (X , L ′ , β ′ ) is a limit r-th root of N T , since κ * (N ξ ) = N T by the commutativity of (8). Moreover, it follows from Lemma 3.2.1 and from the definition of L ξ that there is an isomorphism ϑ : L ⊗r → L ′ ⊗r such that β ′ • ϑ = β. Now let φ : X → X t 0 and ψ : X → (X ξ ) u 0 be the isomorphisms of schemes underlying φ and ψ, and set L ′ = φ * (L ′ ). Then σ := ψ −1 • δ • φ is an inessential automorphism of X with the property that σ * (L) = L ′ , and ϑ yields an isomorphism χ : 
-invariant).
A consequence is that L and L ′ agree at t 0 . On the other hand, L ⊗r and L ′ ⊗r are isomorphic via ϑ, so Remark 3.0.6 implies that there is an isomorphism between L and L ′ whose r-th tensor power is ϑ. At this point we are almost done: (X , L, β) is certainly the pull-back of (X ξ , L ξ , α ξ ). Moreover, φ is the pull-back of ψ, except for one little detail, namely that the corresponding isomorphisms between L and the pull-back of L might not be equal. However, since the r-th tensor powers of these isomorphisms are equal, the ratio between the two is an r-th root of unity. To fix this it suffices to multiply the isomorphism between L and L ′ by a suitable root of unity.
Proof of uniqueness.
Assume that the morphism p : T → B 0 has another lifting γ ′ : T → U ξ such that ((X , L, β), φ) is isomorphic to the pull-back of ((X ξ , L ξ , α ξ ), ψ) via γ ′ , and let
be the corresponding commutative diagram. Call h and h ′ the morphisms T → D ∆ w induced respectively by γ and γ ′ . Then h and h ′ are both liftings of T → D, so there exists σ ∈ G such that h ′ = σ•h. As p is fixed, this yields that γ ′ = σ U ξ •γ, and hence also that κ ′ = σ C ξ • κ. If we compose the vertical arrows of (9) with the actions of the inverse of σ on the respective target spaces, we get another commutative diagram whose vertical arrows are δ ′′ := σ −1 X ξ • δ ′ , κ, and γ. Clearly, δ ′′ and δ differ at most by an automorphism of X over C T ; in other words, there is ι ∈ Aut C T (X ) such that δ ′′ = δ • ι. Moreover, there is an isomorphism between L ⊗r and ι * (L ⊗r ) which is compatible with β. We need an auxiliary lemma.
Proof of lemma. This is essentially a version "with parameters" of part (ii) of 2.3.3. Let E be an exceptional component of X t 0 . Recall from 3.1.1 that there are open sets U 0 and U 1 covering E such that X is of the form xη 0 = h 0 in U 0 and of the form xη 1 = h 1 in U 1 , where η 0 η 1 = 1 and h 0 , h 1 are functions on a neighbourhood of t 0 such that h u 0 = h v 1 . Since ι is an automorphism over C T , ι * (x) = x and ι * (y) = y. Write
From ι * (x)ι * (η 0 ) = h 0 we get in particular that a i = 0 for i ≥ 0. Similarly, b i = 0 for i ≥ 0. On the other hand, a −1 and b −1 are both different from zero, since ι restricts to an automorphism of E. Starting from ι * (η 0 )ι * (η 1 ) = 1, another simple power series computation then yields that a i = b i = 0 for i < −1, and that a −1 b −1 = 1. Thus ι * (η 0 ) = k −1 η 0 and ι * (η 1 ) = kη 1 , where k = b −1 is a unit on a neighbourhood of t 0 . To prove the lemma it suffices to show that k is an r-th root of unity. Now, Lemma 3.1.1 says that there are generators ζ i for L ⊗r on U i , i = 0, 1, and ζ N for π * (N T ) on U 0 ∪ U 1 , with the property that ζ 0 = η r 1 ζ 1 , β(ζ 0 ) = x u ζ N , and β(ζ 1 ) = y v ζ N . Write ϑ(ζ i ) = f i ι * (ζ i ), i = 0, 1, where
From β(ζ 0 ) = x u ζ N and β = ι * (β) • ϑ we then get that x u = x u f 0 ; this yields that c i = 0 for i > 0 and that c 0 = 1. Similarly, d i = 0 for i > 0, and d 0 = 1. On the other hand,
This gives that d 0 η r
, and hence in particular that k r = 1, as desired.
We return to the proof of uniqueness in 3.3.2. Lemma 3.3.3 implies that δ ′ = σ X ξ • τ X ξ • δ. On the other hand, τ C ξ • κ = κ and τ U ξ • γ = γ, since τ X ξ corresponds, via δ, to an automorphism of X over C T . Thus, replacing the original σ with στ , we may in fact suppose that not only
However, by the proof of existence, ψ is also equal to δ • φ, so σ X ξ acts trivially on the fiber of X ξ → U ξ at u 0 . Since this action corresponds via ψ to the action of σ on X, it follows that σ = Id, γ ′ = γ, and δ ′ = δ. That there is a unique isomorphism L ≃ δ * (L ξ ) which is compatible with β and δ * (α ξ ) and agrees with the given one on the fibers above t 0 follows from the uniqueness part of 3.0.6. This finishes the proof of 3.3.2.
Remark 3.3.4. It follows from the construction of (X ξ → U ξ , L ξ , α ξ ) that this family is a universal deformation for any one of its fibers.
The moduli scheme of limit roots
We are ready to prove Theorem 2.4.1. Consider the set S r f (N ) = b∈B {limit r-th roots of (C b , N b )} ∼ where ∼ is the equivalence relation given by isomorphism of limit roots.
Fix b 0 ∈ B and a limit r-th root ξ = (X, L, α) of ( Aut
Via this homomorphism, the group Aut(ξ) acts on U ξ , C ξ , and X ξ ; if σ ∈ Aut(ξ), we will denote by σ U ξ , σ C ξ , and σ X ξ the corresponding automorphisms of these spaces. The universality of the family (
Lemma 3.4.1. Let b ∈ B 0 , let u 1 , u 2 ∈ U ξ be points lying over b, and let (X 1 , L 1 , α 1 ), (X 2 , L 2 , α 2 ) be the corresponding limit r-th roots of (C b , N b ). The following are equivalent:
(ii) there exists an isomorphism of limit roots between (X 1 , L 1 , α 1 ) and (X 2 , L 2 , α 2 ).
Proof. The implication (i) ⇒ (ii) is an immediate consequence of what we observed above: if there exists
is an inessential isomorphism which induces an isomorphism of limit roots. Conversely, assume that there is an inessential isomorphism φ : X 1 → X 2 that induces an isomorphism between the corresponding limit roots. We are going to show first of all that φ = (σ X ξ ) |X 1 for some σ ∈ G, and then that σ belongs to the image of Aut(ξ) in G. Let d ∈ D be the image of b, and d 1 , d 2 ∈ D ∆ w the images of u 1 , u 2 . Recall that G is the group of automorphisms of D ∆ w over D, and that Remark 3.3.4) . Applying Lemma 3.3.1 with respect to ξ 1 , we see that there is a subgroup G 1 of G which is naturally identified with C 1 (Σ X 1 , µ r ) ⊂ Aut C b (X 1 ). If {j 1 , . . . , j k } ⊂ {1, . . . , m} are the indices for which the exceptional component E i of X does not deform to X 1 (namely, in C b the i-th node is smoothed), then under the isomorphism G ≃ (µ r ) m , G 1 is the subgroup of (ζ 1 , . . . , ζ m ) with ζ j 1 = · · · = ζ j k = 1.
Let τ ′ ∈ G 1 be such that (τ ′ X ξ ) |X 1 = ρ, and set σ :
this is true for all elements of G). In fact, the first property is easily deduced from (5) and (7); for the second property, it is enough to observe that σ * C ξ (N ξ ) ≃ N ξ and that
≃ L ξ by Remark 3.0.6, and σ comes from Aut(ξ).
Proof of Theorem 2.4.1. For every r-th root ξ as above we have a well-defined, injective map between B-sets:
and the image of β ξ inherits a complex structure from U ξ / Aut(ξ). Since S r f (N ) is covered by subsets of the form Im β ξ , in order for these "charts" to define a complex structure on S r f (N ), the following must hold: if ξ 1 and ξ 2 are limit roots such that Im β ξ 1 and Im β ξ 2 intersect, then β 4 Geometry of the moduli space of limit roots
Limit roots for a fixed curve: examples
Let C be a nodal curve and N ∈ Pic C. We denote by S r C (N ) the zero-dimensional scheme S r f C (N ), where f C : C → {pt} is the trivial family. Notice that, by Remark 2.4.3, for any family f : C → B whose fiber over b 0 ∈ B is C and for any N ∈ Pic C such that N |C = N , the scheme-theoretical fiber over b 0 of the finite morphism S We have seen in Remark 2.2.1 that there are r b 1 (Γ C ) weighted subgraphs of Γ C satisfying conditions (C1) and (C2). Let ∆ w be one of them. Recall that ∆ w carries the weights u i , v i on each edge, and that its supporting graph ∆ is a subgraph of Γ C . As usual, denote by g ν the genus of the normalization of C. The set of nodes ∆ determines a partial normalization π : X → C of C, and the weights determine a line bundle π * (N )(− i (u i p i + v i q i )) on X. The dual graph of X coincides with Γ C ∆, so we have r 2g ν +b 1 (Γ C ∆) choices for a line bundle L ∈ Pic X such that L ⊗r ≃ π * (N )(− i (u i p i + v i q i )) (r 2g ν choices for the pullback of L to the normalization of X, and r b 1 (Γ C ∆) choices for the gluings at the nodes). Each choice of L gives a point (X, L, α) in S 
Proof. Recall that Σ X is the graph whose vertices are the connected components of X and whose edges are the exceptional components of X. The connected component of S 
In conclusion, using remark 2.2.1, we have that the length of S r C (N ) is Example 4.1.5. Let C be a curve of genus g with two smooth components C 1 , C 2 and three nodes n 1 , n 2 , n 3 .
We describe S 3 C (O C ). Since b 1 (Γ C ) = 2, Γ C must have 3 2 = 9 weighted subgraphs satisfying (C1) and (C2). One is ∅. This choice corresponds to points of type (C, L) with L ⊗3 ≃ O C ; there are 9 · 3 2g ν of them (with g ν = g − 2), all reduced points in S 3 C (O C ). For each ∆ consisting of two edges {n j , n k } (where j, k ∈ {1, 2, 3}), we have two possible choices for the weights:
Denote by X j,k the curve obtained blowing up ∆.
We get points of type Denote by X 1,2,3 the corresponding curve.
We get points (
There are 2 · 3 2g ν of these points, each of them with multiplicity 9 in S 3 C (O C ).
Higher spin curves
Let M g,n be the moduli space, and M g,n the moduli stack, of stable n-pointed curves of genus g. Let ω un be the relative dualizing sheaf, and Σ 1 , . . . , Σ n the tautological sections, of the universal curve u n : C g,n → M g,n .
Fix integers l, m 1 , . . . , m n such that r | l(2g − 2) + m 1 + · · · + m n , and set m := {m 1 , . . . , m n } and
We introduce a contravariant functor S r, l, m g,n : {schemes} −→ {sets}, encoding the moduli problem for limit r-th roots of ω l m over M g,n , as follows. Look at pairs (f : C → B, ξ) consisting of a family f : C → B of n-pointed genus g curves and a limit root ξ of (C, ω ⊗l f ( m i σ i )), where σ 1 , . . . , σ n are the tautological sections of f and ω f is the relative dualizing sheaf. Two such pairs (f : C → B, ξ) and (f ′ : C ′ → B, ξ ′ ) are considered equivalent if there is an isomorphism κ : C → C ′ of families of n-pointed curves and an isomorphism, as limit roots of (C, ω ⊗l f ( m i σ i )), between ξ and κ * (ξ ′ ) (observe that, if σ ′ 1 , . . . , σ ′ n are the tautological sections of f ′ , then ω ⊗l f ( m i σ i ) and κ * (ω ⊗l f ′ ( m i σ ′ i )) are canonically isomorphic). Notice that this is clearly a coarser equivalence relation than the one given by isomorphism of limit roots over a fixed family of curves.
Then, for every scheme B, we define S We call ϕ : S r, l, m g,n → M g,n the structure morphism. For any stable n-pointed curve (C, σ 1 , . . . , σ n ), the fiber of ϕ over [C] is
When we consider stable curves without markings (i.e., when n = 0), we denote by S r, l g the corresponding moduli space, and by S r, l C the fiber of ϕ over [C] ∈ M g . The scheme S 2,1 g is the moduli space of spin curves, constructed in [8] .
Denote by S r, l, m g,n the open subscheme of S r, l, m g,n parametrizing points (C, L) with C stable, and let ϕ : S r, l, m g,n → M g,n be the natural morphism. Pairs (C, L) with C a smooth curve and L ∈ Pic C such that L ⊗r ≃ ω C are generally called r-spin curves. Their moduli space admits a natural stratification by loci parametrising line bundles L with increasing h 0 (C, L), so that the largest locus corresponds to "effective r-spin curves"; we refer to the recent paper of A. Polishchuk [21] for more details and open problems related to this interesting aspect.
Several modular compactifications of the moduli space of r-spin curves, and more generally of S r, l, m g,n , have been introduced by T. J. Jarvis [14, 16, 17] , by means of rank 1, torsion-free sheaves.
The next statement summarizes well-known results relating line bundles and torsion-free sheaves of rank 1. 
Proof. (I) is a local property, see [14] , Proposition 3.1.2.
(II) is a consequence of G. Faltings' local characterization of torsion-free sheaves [11] ; see [14] , §3.1 and 3.2, in particular Theorem 3.2.2.
(III) The "if" part is clear. To prove the converse, it suffices to notice that there is an isomorphism τ : X → Proj( k≥0 Sym k (π * (L))) of spaces over C, with the property that τ * (O(1)) is isomorphic to L, and similarly for X ′ and L ′ .
Jarvis introduces the notion of r-th root sheaf of a line bundle N ∈ Pic C, which is a rank 1, torsion-free sheaf F on C together with a homomorphism β : F ⊗r → N with the following properties (see [17] , Definition 2.3):
• β is an isomorphism on the locus where F is locally free;
• at any node of C where F is not locally free, the length of the cokernel of β is r − 1.
Such an r-th root sheaf is always of the form π * (L), where X is the curve obtained from C by blowing-up the nodes where F is not locally free, π : X → C is the natural morphism and (X, L, β) is a limit r-th root of (C, N ). It is easy to see, using Proposition 4.2.2, that the moduli functor of r-th root sheaves of ω l m over M g,n is isomorphic to S r, l, m g,n (see [14] Observe that, exactly as in [16] , one could construct different (less singular) compactifications of S r, l, m g,n (and more generally of S r f (N )), in two ways:
(a) requiring, in the definition of a family of limit roots, that property (P) of Remark 3.1.2 holds; this amounts to considering only "not too singular" families of limit roots;
(b) attaching to a limit r-th root the data of a set of limit d-th roots for any positive d dividing r, i. e. considering "coherent nets of roots". Set-theoretically, this amounts to attaching to a limit r-th root ξ = (X, L, α) the data of the gluings for ξ m for any integer m dividing r.
5 Higher spin curves in the universal Picard scheme
Compactifying the Picard functor
Assume g ≥ 3 and let P d,g → M 0 g be the degree d universal Picard variety 5 , whose fiber over a smooth curve C is Pic d C, the variety of line bundles of degree d on C. Let P d, g → M g be the modular compactification constructed in [5] ; P d, g is an integral, normal projective scheme. Its fiber over C ∈ M 0 g is denoted by P d C and gives a compactification of (a finite number of copies of) the generalized Jacobian of C. The moduli properties of P d, g are described in [5] , section 8. Its boundary points are of the same nature as limit roots: they correspond to line bundles on quasistable curves 6 , having degree 1 on exceptional components.
The moduli space of higher spin curves over M 0 g naturally embeds in P d,g (see 5.2.1); its projective closure in P d, g is thus a new compactification which we shall now study. ) stands for the locus of curves with trivial automorphism group. 6 A quasistable curve X is a blow-up of a stable curve C. We call C the stable model of X.
We recall from [5] a few basic properties of P d, g , which, as M g , is constructed by means of Geometric Invariant Theory (see [13] ; in this section we freely use the language of [19] ). We begin with some useful conventions and numerical preliminaries. Let d be an integer; we denote by d an element of Z γ whose entries add up to d, that is d = {d 1 , . . . , d γ } and d i = d. We say that d is divisible by some integer r if all of its entries are; if that is the case, we write d ≡ 0 (mod r). If q is a rational number, we set qd = {qd 1 , . . . , qd γ } and we say that qd is integer if qd i is integer for every i.
For any nodal curve X, we denote by X 1 , . . . , X γ its irreducible components and set k i = #X i ∩ X X i . Let M be a line bundle of degree d on X; denote by
Similarly, for a subcurve Z of X, we set
Let X be a quasistable curve. As usual, we denote by E i its exceptional components and set X = X ∪ i E i (thus X is a partial normalization of C).
Definition 5.1.1. Let X be a quasistable curve and M ∈ Pic X. We shall say that the multidegree d of M is balanced if deg E M = 1 on every exceptional component E of X and if, for every subcurve Z of X, the following inequality (known as Basic Inequality) holds:
We shall say that d is stably balanced if it is balanced and if for every subcurve Z of X such that
we have that Z contains X. Similarly, we shall say that the line bundle M is balanced (or stably balanced) if its multidegree is.
It is easy to see that if d is balanced and Z is a connected component of X,
We shall need the following elementary Lemma 5.1.2. Let X be a quasistable curve.
(i) Let M ∈ Pic X be such that M ⊗r ≃ ω ⊗l X for some integers r and l; then M is stably balanced.
(ii) M ∈ Pic X is balanced (stably balanced) if and only if M ⊗ ω ⊗t X is balanced (stably balanced) for some integer t.
(iii) Assume that the stable model of X is irreducible and let M ∈ Pic X be a line bundle having degree 1 on all exceptional components. Then M is stably balanced.
The goal of the following definitions is to measure the non separatedness of the Picard functor.
Definition 5.1.3. Let X be a nodal curve and T ∈ Pic X; we say that T is a twister if there exists a one parameter smoothing X → S of X such that where a i ∈ Z) . The set of all twisters of X is denoted by Tw(X).
Definition 5.1.4. Consider two balanced line bundles M ∈ Pic X and M ′ ∈ Pic X ′ , where X and X ′ are quasistable curves.
We say that M and M ′ are equivalent if there exists a semistable curve Y dominating 7 both X and X ′ and a twister T ∈ Tw(Y ) such that, denoting by M Y and M ′ Y the pull-backs of M and M ′ to Y , we have
In particular, for any automorphism σ of X, σ * (M ) is equivalent to M .
To say that M and M ′ are equivalent is to say that their pull-backs to Y are both limits of the same family of line bundles. More precisely, let Y −→ S be a one-parameter smoothing of Y such that the twister T of Definition 5.1.4 is Proof. We have assembled together, for convenience, various results from [5] : for (1) see Propositions 3.1 and 6.1 (the "only if" part is due to D. Gieseker [13] ); for (2) see Lemma 6.1. The "only if" of part (3) is Lemma 5.2; the "if" is a direct consequence of the existence of the GIT quotient as a projective scheme (see below).
Let then P d, g be the GIT-quotient of the locus of all GIT-semistable points in Hilb
it is a normal, integral scheme, flat over M 0 g (Theorem 6.1 in [5] ). The above result permits a modular interpretation of P d, g as a modular compactification of the universal Picard variety. Let X be a quasistable curve and let M ∈ Pic X be very ample of degree d. By Theorem 5.1.6, if we embed X in P s by M , the Hilbert point of X is GIT-semistable if and only if M is balanced. Thus P d, g parametrizes equivalence classes of balanced line bundles on quasistable curves.
Associating to M ∈ Pic X the stable model C of X yields the natural morphism
C is a finite union of g-dimensional irreducible components, one for each stably balanced multidegree (of degree d) on C:
Moreover, if C has no non-trivial automorphisms, every component of P 
A new compactification of higher spin curves
Let C be a stable curve and L ∈ Pic C an r-th root of ω Proof. The set-theoretic inclusion has already been defined before the statement. To complete the proof, notice that there is an obvious inclusion of functors Now we prove the converse: let X be a quasistable curve of genus g and let T ∈ Tw(X) be such that (deg T + lw X )r −1 is integer and balanced. Observe that ω ⊗l X ⊗ T has degree divisible by r on each irreducible component of X, so it admits some r-th root M ∈ Pic X. Let us show that M ∈ S r, l g . M is balanced, so it defines a point in P d, g . Moreover, by definition of twister, there exist a 1-parameter smoothing f : X → S of X and a Cartier divisor D, supported on the central fiber, such that Proof. The argument for (i) is analogous to the one proving 5.1.6. The requirement that L be balanced naturally defines a subfunctor of S r, l g , which has a natural inclusion in the functor P l(2g−2)/r, g . Hence the statement follows from Proposition 8.1 of [5] . Now (ii). We just proved that χ is defined on S r, l C and that, for any ξ ∈ S r, l C with ξ = (X, L, α), the image χ(ξ) is the class defined by L in S r, l C . Let λ ∈ S r, l C and choose a representative M ∈ Pic X for λ, where X is some blow-up of C; pick a one-parameter smoothing of X, f : X → S, and M ∈ Pic X such that
(" * " means away from the special fiber). Then by Proposition 2.1.2, up to replacing S by a finite (ramified) covering, the family (f * : X * → S * , M * ) determines a unique limit root ξ ∈ S r, l C . By continuity, χ(ξ) = λ, whence surjectivity. The fact that (ii) applies to irreducible curves descends from Lemma 5.
1.2, (iii).
Observe that, if (X, L, α) and (X, L, β) are two balanced limit roots of ω Proof. Let Z be an irreducible component of S r, l C and let λ ∈ Z. By Proposition 5.2.2, there exists a representative L ∈ Pic X for λ such that L ⊗r ≃ ω ⊗l X ⊗ T for a twister T ∈ Tw(X). For every given T there are obviously finitely many L ∈ Pic X satisfying this relation. We claim that the twisters T vary in algebraic varieties of dimension at most b 1 (Γ C ).
Let ν : X ν → X be the normalization, T a twister, and set G := ν * T ∈ Pic X ν ; then every T ′ ∈ Tw(X) such that ν * T ′ = G has the same multidegree as T , and hence all the r-th roots of ω 
now, T ′ moves in such a fiber, and hence in a variety of dimension at most b 1 (Γ C ). On the other hand, the varying of G does not contribute to the dimension of Z: it is in fact easy to see that the set ν * (Tw X) (where G ranges) is a discrete subset of Pic X ν . Therefore we are done.
Finally, if C is of compact type then b 1 (Γ C ) = 0, so the last statement is a special case of the first. (ii) k = 2, lw C ≡ 0 (mod r);
Proof. In the four exceptional cases listed in the statement, it is easy to check that all limit roots in S r, l C are balanced, hence by Lemma 5.3.1 part (ii) we have dim S r, l C = 0. Denote by n 1 , . . . , n k the nodes of C, and by ν : C ν → C the normalization. We divide the proof in three steps.
Step
, and suppose that C has an A h j −1 singularity in n j . Introduce the universal deformation C → D of C, where D is a smooth polydisc. Assume, as usual, that the locus where the nodes n 1 , . . . , n k are preserved is defined by the vanishing of the first k coordinates on D. Consider the family C ′ → S obtained by pulling back C via the morphism
where t is the local coordinate on S and the c j ∈ C * are arbitrary. Then C ′ , just like C, has an A h j −1 singularity at n j ; therefore
bundle and thus a twister. Finally, is easy to see that T ′ has gluing datum c j over n j . The conclusion is that, for any gluing assignment of ν * T over the nodes of C, we obtain a twister, as desired.
From now on we exclude cases (i), . . . , (iv) above.
Step 2. There exists a nonzero twister T 0 on C such that the r-th roots of ω ⊗l C ⊗T 0 are stably balanced and, in particular, correspond to points of S r, l C . Pick k non zero integers b 1 , . . . , b k having the same sign. As usual, denote by p 1 , . . . , p k (respectively, q 1 , . . . , q k ) the inverse images in C 1 (respectively, in C 2 ) of the nodes. Define G ∈ Pic C ν by
Then there exists a twister T on C such that ν * T = G. In fact, set h := lcm(|b 1 |, . . . , |b k |) and h i := h/|b i |. Consider a one-parameter smoothing C → S of C having an A h i −1 singularity in n i for i = 1, . . . , k. 
Step 2 will be proved by solving the following numerical problem.
Find an integer s such that
where (2) and (3) are parts (ii) and (iii) of Remark 5.2.3, and we ask for strict inequality in (3) because we want the degree to be stably balanced. Write s = rj − lw 1 for some integer j. It finally suffices to find an integer j so that (1) and (3) above are satisfied, that is k ≤ |rj − lw 1 | < kr 2 . In other words, we are reduced to showing that the set
contains an integer j (provided that cases (i), . . . , (iv) are excluded). The proof of this fact is elementary and easy, therefore we omit it.
Step 3. Steps 1 and 2 imply the proposition. Pick a twister T 0 as in Step 2. By Proposition 5.2.2 and Remark 5.2.3, the set of all such T 0 is characterized by some numerical conditions on their multidegree, hence on the multidegree of their pull-back to the normalization of C. Therefore, by Step 1, if there exists one T 0 , then there exists a
is the entire fiber of ν * over ν * (T 0 ). This yields that for every T ∈ F the r-th roots of ω ⊗l C ⊗ T lie in S r, l C , and correspond to different points, because they are stably balanced. We conclude S r, l C contains subvarieties of dimension b 1 (Γ C ) = k − 1; by 5.3.2 we are done.
Comparison results
We begin with the case r = 2, which is essentially already known, as we will explain. Under this condition limit roots are always balanced:
Lemma 5.4.1. Assume that r = 2. Let C be a stable curve and let (X, L, α) ∈ S 2, l g be a limit square root of (C, ω ⊗l C ). Then L is balanced and the orbit of the corresponding Hilbert point is closed in the GIT-semistable locus.
Proof. Fix a subcurve Z of X, let k Z and w Z be as usual, and let k ′ Z be the number of exceptional components of X intersecting Z and not contained in Z. Then we have k
The Basic Inequality (see 5.1.1) for Z simplifies to k ′ Z ≤ k Z , which is always satisfied, thus L is balanced and the Hilbert point is GIT-semistable (Theorem 5.1.6). Moreover, if equality holds, every node on Z ∩ X Z is exceptional. Then Lemma 6.1 of [5] applies, giving that the Hilbert point has closed orbit, as stated.
In view of 5.3.1, one obtains that χ :
is regular for all l; moreover, χ is bijective because of the last assertion of the previous lemma (cf. [12] ).
When r ≥ 3 the situation is quite different for, in general, neither the birational map χ : S r, l g S r, l g nor its inverse are regular, as we shall presently see. For (ii) we use Proposition 5.3.3, which describes boundary strata in M g over which ϕ : S r, l g → M g is not finite. Since ϕ is finite, χ, being dominant, cannot be regular over such strata.
In case r does not divide 2l we consider the locus of curves C = C 1 ∪ C 2 with C i smooth, #C 1 ∩ C 2 = 2 and C 1 of genus 1 (hence C 2 of genus g − 2). Then lw C = (2l, 2l(g − 2)) ≡ 0 (mod r), so by Proposition 5.3.3 ϕ is not finite over this locus.
If r divides 2l and (r, l) = (4, 2 + 4j), again by Proposition 5.3.3, ϕ is not finite over all codimension 3 loci whose general curve is a union of 2 smooth components meeting at 3 points.
Finally, if r = 4 and l ≡ 2 (mod 4), ϕ is not finite over all codimension 4 loci whose general curve is a union of 2 smooth components meeting at 4 points.
(iii) Consider ξ = (X, L, α) ∈ S r, l C and a one-parameter smoothing (f : X → S, L) of ξ. Then the moduli morphism S * → S r, l g completes to a morphism S → S r, l g . Denote by λ ∈ S r, l C the image of s 0 ∈ S. Clearly, if χ −1 is defined at λ, then χ −1 (λ) = ξ. We shall exhibit, for a suitable choice of C, r distinct points ξ 1 , . . . , ξ r ∈ S r, l C and one-parameter deformations f 1 , . . . , f r as above, such that the associated λ i all lie in the same irreducible component of S r, l C . This implies that χ −1 is not defined at λ i , as the ξ i are irreducible components of S r, l C . Let C = C 1 ∪ C 2 with C i smooth, C 1 ≃ P 1 and #C 1 ∩ C 2 = k (hence C has genus g ≥ k − 1 and w 1 = k − 2).
We treat the case r ≥ 5, g ≥ 7 and l = 1, the remaining cases being similar. Let k = 7, fix 5 nodes n 1 , . . . , n 5 of C and consider the weighted subgraph of Γ C given by these five nodes with weights u 1 = · · · = u 5 = 1 and v 1 = · · · = v 5 = r−1. This weighted graph satisfies conditions (C1) and (C2) of section 2.2 with respect to ω C .
Let X be the blow-up of C at n 1 , . . . , n 5 . Fix L i ∈ Pic C i such that
(r − 1)q j ).
The choices for the gluings of L 1 and L 2 over n 6 and n 7 yield r distinct limit roots ξ i = (X, L i ) of (C, ω C ), i = {1, . . . , r}. Now consider a general one-parameter smoothing (f i : X → S, L i ) of (X, L i ). The surface X is smooth at q 1 , . . . , q 5 , n 6 , n 7 and has A r−2 singularities at p 1 , . . . , p 5 ; therefore C 2 is a Cartier divisor. The line bundle M i := L i ⊗ O X (−C 2 ) has degree zero on all exceptional components of X, hence it descends to M ′ i ∈ Pic C, where C → S is the stable model of X → S. Now set M i := (M ′ i ) |C . Then M i is stably balanced and determines a point λ i ∈ S r, 1 C . Observe that M ⊗r i ≃ ω C ⊗ T i , where T i is a twister on C and
Our comparison results extend easily to torsion-free sheaves compactifications. More precisely, recall that Pandharipande constructs in [20] a compactification U g (d, 1) of P d,g over M g , by means of rank 1 torsion-free sheaves, and shows that this compactification is isomorphic to P d, g under the correspondence given by Proposition 4.2.2. Let R 1/r g (ω ⊗l ) be the coarse moduli space of Jarvis's stack Root The literature on compactified Picard varieties is quite rich and varied, so that it would be worthwhile to study the same issue with respect to other compactifications, such as those of [24] , [10] , [15] , for example. This naturally leads to the problem of comparing among each other various constructions of the compactified jacobian; the general situation is not as clear-cut as it is for the two compactifications ( [5] and [20] ) used in our paper. Recent results in [2] show that, under suitable hypotheses the spaces of [5] and [24] coincide; other correlation results are, at least to us, not known.
We conclude with a detailed example.
Example 5.4.4. Let C be as in Example 4.1.5. Assume also, for simplicity, that C i ≃ P 1 for i = 1, 2. Under this assumption, two limit third roots are isomorphic if and only if the underlying line bundles are isomorphic off the exceptional components. The quasistable curves having stable model C are X i , obtained blowing up the node n i for i = 1, 2, 3, and X j,k and X 1,2,3 , described in Example 4.1.5. The balanced multidegrees are: ,1) , the fibers are compactified by P 2 ; in V (0,0) by P 2 blown-up in three points. These three irreducible components intersect along the codimension 1 strata; see [5] , page 651 for more details.
Recall that g ν = g − 2; we are going to show that S 3, 0 C consists of 15 · 3 2g ν points and 2 · 3 2g ν disjoint copies of P 2 .
Among the points, 9 · 3 2g ν lie in V (0,0) , and are the L ∈ Pic C with L 3 ≃ O C ; the remaining 6·3 2g ν are the L ∈ Pic X j,k with L (γ in the figure) are the L ∈ Pic X j,k with L |C 1 ≃ L 1 ⊗ O C 1 (−p j − p k ) and L |C 2 ≃ L 2 . They are obtained as the central fiber of a 1-parameter family (X j,k → S, L), where X j,k has A 2 singularities in q j and q k , and L ∈ Pic X j,k is such that L ⊗3 ≃ O X j,k (−C 1 − 3E j − 3E k ).
